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Abstract
The standard perturbative weak-coupling expansions in lattice models are asymptotic. The rea-
son for this is hidden in the incorrect interchange of the summation and integration. However,
substituting the Gaussian initial approximation of the perturbative expansions by a certain inter-
acting model or regularizing original lattice integrals, one can construct desired convergent series.
In this paper we develop methods, which are based on the joint and separate utilization of the
regularization and new initial approximation. We prove, that the convergent series exist and can
be expressed as the re-summed standard perturbation theory for any model on the finite lattice
with the polynomial interaction of even degree. We discuss properties of such series and make
them applicable to practical computations. The workability of the methods is demonstrated on
the example of the lattice φ4-model. We calculate the operator 〈φ2n〉 using the convergent series,
the comparison of the results with the Borel re-summation and Monte Carlo simulations shows a
good agreement between all these methods.
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I. INTRODUCTION
The main objects of studies in quantum field theory are the Green’s functions. They
can be naturally expressed in terms of the path integral. However, the path integral itself
gives only a formal solution and for the practical computations one has to find some efficient
method of its evaluation. One of the possibility is to use a finite lattice approximation of the
physical space and then investigate the truncated system using the Monte Carlo method.
Such approach was successfully applied in many areas of statistical, condensed matter and
elementary particle physics for a wide range of physical parameters, e.g. coupling constants.
The Monte Carlo method is based on the probabilistic interpretation of the lattice integrals
measure and, consequently, it can not be applied, when the action of the system is complex.
For instance, this complex action problem, or in other words sign problem, impedes the the
computations in lattice QCD at finite chemical potentials [1]. Another traditional way of the
path and lattice integrals computations is the utilization of the standard perturbation theory
with the Gaussian initial approximation (SPT). Usually, the series of SPT are asymptotic
[2, 3] and applicable only for the small coupling constants (parameters of the expansion). For
example, the most precise results within the standard perturbation theory were obtained in
QED [4, 5], where the expansion parameter is extremely small: α ' 1/137. At the same time
SPT fails to describe the low energy physics of graphene, which is effectively determined by
QED with large coupling constant [6].
The SPT series are asymptotic because of the incorrect interchange of the summation
and integration during the construction of the perturbative expansion. Nevertheless, the
problem of the interchanging can be avoided. For instance, it can be done by an appropriate
regularization of the original integral. The regularization by cutting off the large fluctuations
of the fields in the lattice models was suggested in [7, 8]. A more sophisticated and delicate
regularization method providing the construction of the convergent perturbation theory for
the lattice models and path integrals with the measure defined by the trace-class operators
was developed in works [9–13]. The method, based on the modification of the interaction
power due to the application of the intermediate field representation and on the consequent
utilization of the forests/trees formula [14, 15] was developed in works [16–20]. Alas, the
computations with all these methods are highly complicated.
An alternative approach to the construction of the convergent perturbative series in scalar
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field theories, based on changing of the initial Gaussian approximation to a certain inter-
acting theory, was proposed in [21–23]. Later, independently developed and similar ideas
become a basis of the variational perturbation theory methods [24]. In [25] the approach
[21–23] was extended to the construction of the strong coupling expansion for the anhar-
monic oscillator. In [26] the RG-equations consistent with the method [21] were derived.
The critical indices of the ϕ4-model obtained within the latter RG-equations are in close
agreement with the experimental and numerical results. However, a rigorous mathematical
proof of the convergence of expansions [21–23, 26] is still missing. A non detailed version of
the rigorous construction of the convergent series similar to [22, 23] for the one-dimensional
lattice φ4-model was presented in [27]. The numerical computations within the convergent
series in [27] revealed a perfect agreement with the results obtained by the Monte Carlo
simulations for the lattice with the volume V = 2 and demonstrated slow convergence to
the correct answers even for the slightly bigger lattices (with V = 4 and V = 8 lattice sites).
Here we continue the investigation of the convergent series method, carrying out the main
derivations on the example of the lattice φ4-model and performing generalizations, when it
is necessary. We prove, that the convergent series (CS) can be rigorously constructed for
any finite lattice model with the polynomial interaction of even degree and that the series
is expressed as a re-summation of SPT. We show, that up to all loops of the standard
perturbation theory the convergent series method has an internal symmetry, providing the
possibility to introduce a variational parameter. The freedom in a choice of the variational
parameter allows one to obtain numerical results, which are in agreement with the Monte
Carlo data. Though, the convergence and non-perturbative correctness of CS, modified by
the the variational parameter, is not a priori evident. In the following we denote the latter
series as variational (VS). To investigate the convergence of the variational series, we consider
two regularizations of the lattice φ4. The first one, η-regularization, is a natural extension of
the variational series construction and it gives suggestive arguments about the convergence
of VS. The second, γ-regularization, is also based on the mathematical structures, used in
VS. We proof, that γ-regularized model approximates original φ4-model with any arbitrary
precision and that the Green’s functions of the γ-regularized model can be calculated with
the variational series, which is convergent in this case. We demonstrate the non-perturbative
independence on the variational parameter of VS, when the γ-regularization is removed.
Using this independence property, we propose a way for the computations in the infinite
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volume limit. Summarizing the properties of CS and VS with regularizations, we conjecture
the convergence of the variational series. We study the applicability of the CS and VS for
different lattice volumes and investigate the dependence on the variational and regularization
parameters, computing the operator 〈φ2n〉 of the lattice φ4-model. The results are compared
with the Monte Carlo simulations and Borel re-summation.
The paper is organized as follows. In Section II the convergent series for lattice models
with polynomial interactions is constructed. We introduce variational series and discuss
its perturbative properties in Section III. To investigate non-perturbative aspects of VS we
study regularized lattice models in Section IV. The results of the numerical computations
are presented in Section V. We conclude in Section VI.
II. CONSTRUCTION OF THE CONVERGENT SERIES
We start with the construction of the convergent series for the lattice φ4-model. The
model is defined by the action
S[φ] =
1
2
V−1∑
m,n=0
φmKmnφn +
λ
4!
V−1∑
n=0
φ4n, (1)
1
2
V−1∑
m,n=0
φmKmnφn =
V−1∑
n=0
[1
2
M2φ2n −
1
2
d∑
µ=1
(
φn+µˆ + φn−µˆ − 2φn
)
φn
]
, (2)
where M is a mass parameter, λ is a coupling constant, V is the volume of the lattice,
indices m and n label the lattice sites, d = 1, 2 is a dimension of the lattice, index µ runs
over all spatial dimensions and µˆ stands for the unit vector in the corresponding direction.
The periodical boundary conditions in all possible directions are assumed.
Without loss of generality, as an example of an arbitrary Green’s function, we consider
the two point Green’s function (propagator). The normalized to the free theory propagator
is defined as
〈φiφj〉 =
∫
[dφ]φiφj exp{−S[φ]} , (3)
where
∫
[dφ] = 1
Z0
∏
n
∫
dφn and
Z0 =
∏
n
∫
dφn e
− 1
2
∑
l,m φlKlmφm (4)
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is the partition function of the free theory. Following [22, 23], we split the action into the new
non-perturbed part N [φ] and perturbation: S[φ] = N [φ] + (S[φ]−N [φ]). For the following
it is convenient to modify the latter expression as
Sη[φ] = N [φ] + η(S[φ]−N [φ]) , (5)
where η ≤ 1 is a parameter labeling the order of the new perturbative expansion. The
parameter η will be also used in Section IV A for the regularization. In the current section
we derive formulas containing η, keeping in mind, that the initial model corresponds to
η = 1. Then, the propagator (3) can be written as
〈φiφj〉 =
∫
[dφ]φiφj e
−N [φ]
∞∑
l=0
ηl(N [φ]− S[φ])l
l!
. (6)
When
N [φ] ≥ S[φ] , (7)
the interchanging of the summation and integration in (6) leads to an absolutely convergent
series
〈φiφj〉 =
∞∑
l=0
〈φiφj〉l (8)
with terms given by
〈φiφj〉l = η
l
l!
∫
[dφ]φiφj
(
N [φ]− S[φ])l e−N [φ] . (9)
Indeed, it is easy to see, that∣∣∣ ∞∑
l=0
〈φiφj〉l
∣∣∣ ≤ ∞∑
l=0
|〈φiφj〉l| ≤
∞∑
l=0
ηl
l!
∫
[dφ] |φiφj|
(
N [φ]− S[φ])l e−N [φ]
=
∫
[dφ] |φiφj| e−Sη [φ] <∞ , for η ≤ 1 . (10)
There are many possibilities to choose the new initial approximation N [φ], satisfying in-
equality (7), however it should correspond to a solvable model. Here we take
N [φ] =
∑
n,m
1
2
φnKnmφm + σ
(∑
n,m
1
2
φnKnmφm
)2
, (11)
where σ is an unknown positive parameter, which is determined by the substitution of (11)
into (7):
σ ≥ λ
6M4
. (12)
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The functions (9) can be calculated in the following way. Introducing an auxiliary inte-
gration, we change ‖φ‖ ≡
(
1
2
φnKnmφm
) 1
2
to the one-dimensional variable t
〈φiφj〉l = η
l
l!
∫
[dφ]φiφj
∫ ∞
0
dt e−t
2−σt4 δ(t− ‖φ‖)
(
σt4 − λ
4!
∑
n
φ4n
)l
. (13)
Rescaling the field variables as φoldn = tφn, we get
〈φiφj〉l = Jη(V, l)
∫
[dφ]φiφj δ(1− ‖φ‖)
(
σ − λ
4!
∑
n
φ4n
)l
, (14)
where
Jη(V, l) =
ηl
l!
∫ ∞
0
dt e−t
2−σt4tV+4l+1 . (15)
The factor tV+4l−1 in the integrand in Jη(V, l) is obtained by rescaling of the fields measure,
fields and delta function. Now the multi-dimensional (lattice) part of the integral is factor-
ized from the auxiliary integration. Applying the binomial expansion to the brackets (...)l,
we rewrite (14) as
〈φiφj〉l = Jη(V, l)
∫
[dφ]φiφj δ(1− ‖φ‖)
l∑
k=0
Ckl σ
l−k
(
− λ
4!
∑
n
φ4n
)k
. (16)
To solve (16), we use the following equality [28]∫
[dφ]φn1 ...φnQ e
−‖φ‖2 =
1
2
Γ
(V +Q
2
)∫
[dφ]φn1 ...φnQ δ(1− ‖φ‖) . (17)
By substituting (17) in (16), we obtain
〈φiφj〉l = Jη(V, l)
l∑
k=0
Ckl σ
l−k 2
Γ
(
V+4k+2
2
) ∫ [dφ]φiφj e−‖φ‖2(− λ
4!
∑
n
φ4n
)k
. (18)
Denoting the k-th order of the standard perturbation theory as fk, we rewrite (18) as
〈φiφj〉l = Jη(V, l)
[
l∑
k=0
Ckl σ
l−k 2 k! fk
Γ
(
V+4k+2
2
)] . (19)
Therefore, each certain order l of the convergent series is expressed as a linear combination of
first l orders of SPT with coefficients given by the one-dimensional analytically calculable t-
depending integrals. However, the latter fact does not mean that the convergent series looses
non-perturbative contributions from non-analytical functions such as e−
1
λ . Being an expan-
sion with the non-Gaussian initial approximation, it automatically takes non-perturbative
6
contributions into account in a similar way, as the function e−
1
λ for positive λ can be repro-
duced by its Taylor series around λ = 1.
The lattice φ4 is a Borel summable model, however, it is possible to generalize the results
of the current section to a wider class of models, which include Borel non-summable cases.
Proposition 1 Consider a model on the finite lattice, determined by the polynomial action
S[φ] = P [φ] with an even deg(P ), then it is always possible to construct a convergent series
for this model with the terms which can be expressed as a linear combinations of terms of
the standard perturbation theory.
The proof follows from the construction presented above and from the fact, that each poly-
nomial can be bounded as
|P [φ]| ≤ const (1 + ‖φ‖deg(P )) . (20)
Moreover, it is possible to show, that convergent series is a re-summation of the standard
perturbation theory, for details see Section III.
The latter proposition demonstrates, that the whole non-perturbative physics of the lat-
tice models with the polynomial actions can be encoded by the coefficients of the standard
perturbation theory. However, it is important to note, that this does not mean, that the
non-perturbative information can be obtained only from the standard perturbative expan-
sion. An additional input, needed for the construction of the convergent series is received
from the model itself. In some sense it is similar to the resurgence program [29], where
for the recovering of the non-perturbative contributions from the perturbative series, it is
assumed that the solution is a resurgent function.
III. VARIATIONAL SERIES
The previous studies of the convergent series application to the lattice φ4-model [27]
demonstrated a critical slow down of the convergence rate with the increasing of the lattice
volume V (see Section V). However, this problem can be resolved by the following obser-
vation. When η = 1, the explicit dependence on the lattice volume V in the sum (8) of
functions (19) can be substituted by τ = V + α, i.e.,
〈φiφj〉 =
∞∑
l=0
Jη=1(τ, l)
[
l∑
k=0
Ckl σ
l−k 2 k! fk
Γ
(
τ+4k+2
2
)] , (21)
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where τ > −2, not to generate singularities in the integrals Jη(τ, l). The latter inequality is
special for the propagator, for an arbitrary n-fields Green’s function it has to be substituted
by τ > −n.
Let us first consider only a perturbative proof of (21) (the non-perturbative aspects are
considered in the Section IV). It can be obtained by changing the order of summations
in (21)
〈φiφj〉 ≈
∞∑
k=0
∞∑
l=0
Jη=1(τ, l)C
k
l σ
l−k 2 k! fk
Γ
(
τ+4k+2
2
) , (22)
where the sign ’≈’ stands to indicate only perturbative equivalence between left and right
parts of the expression. The summands in the latter expression are equal to zero, when
l < k. Changing the summation index to y = l − k, we obtain
〈φiφj〉 ≈
∞∑
k=0
2 fk
∫∞
0
dt tτ+4k+1e−t
2−σt4∑∞
y=0
Ck
(y+k)
k!σyt4y
(y+k)!
Γ
(
τ+4k+2
2
)
=
∞∑
k=0
2 fk
∫∞
0
dt tτ+4k+1e−t
2−σt4∑∞
y=0
σyt4y
y!
Γ
(
τ+4k+2
2
)
=
∞∑
k=0
2 fk
∫∞
0
dt tτ+4k+1e−t
2
Γ
(
τ+4k+2
2
) = ∞∑
k=0
fk . (23)
We end up with the series of the standard perturbation theory. There are two important
consequences from this fact (the non-perturbative analogues of these statements are derived
in the following sections).
• The whole sum of the series over l in (21) does not depend on τ . Therefore, τ is a
variational parameter and can be taken arbitrary to optimize the convergence of the
series.
• According to (23), the convergent series is a re-summation method. Thus, for the
computation of the connected Green’s functions (including the normalized to the full
partition sum propagator, which is a subject of our numerical studies) one can use the
fact, that in the standard perturbation theory connected functions are obtained from
the full Green’s functions by throwing away disconnected Feynman diagrams from the
expansions.
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IV. CONVERGENCE OF THE VARIATIONAL SERIES
In the last section we have introduced a variational parameter τ , to improve the conver-
gence rate of CS (see Section V). However, the derivations of the Section II are not applicable
when τ 6= V . The proof of the convergence of the series (8) is based on the positivity of
the brackets (N [φ] − S[φ])l. When τ 6= V , each summand of the binomial expansion of
(N [φ]−S[φ])l transforms differently under the change of τ and the positivity of the brackets
(N [φ]− S[φ])l can be lost. For instance, it is the case for the one-site lattice φ4-integral at
τ = 0. In Section III we have proved the perturbative independence on τ of the total sum
of the series (21). One can not a priori exclude the possibility, that some non-analytical
dependence on τ at η = 1, which gives zero contribution to the SPT series, still persist
in (21). The prescription for the evaluation of the connected Green’s functions, suggested
in the previous section, is based also only on the standard perturbation theory arguments.
Here we study all these issues from the non-perturbative point of view. For this we in-
vestigate the convergence properties of the variational expansions constructed for the lattice
φ4 with two different regularizations. The first one is the η-regularization and it is achieved
by considering 0 < η < 1 in (5). The second, γ-regularization, is defined in Section IV B by
introducing an additional term proportional to ‖φ‖6 into the action (1).
A. Convergence of the variational series depending on η and τ
Let us study the convergence of the series for the full propagator, obtained from (21),
extending it to η ≤ 1
〈φiφj〉 =
∞∑
l=0
Jη(τ, l)
[
l∑
k=0
Ckl σ
l−k 2 k! fk
Γ
(
τ+4k+2
2
)] . (24)
The asymptotic of large orders of the perturbation theory in quantum field theories and
lattice models for the connected and full correlation functions have similar form [3, 30, 31]
fk ∼ (−1)k
√
2pi e
(a
e
)k
kk+b0+1/2 , (25)
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where a, b0 ∈ R are some constants and e is the Euler’s number. The upper bound for the
series (24) can be obtained as
|〈φiφj〉| ≤
∞∑
l=0
∣∣Jη(τ, l)∣∣[ l∑
k=0
Ckl σ
l−k 2 k! |fk|
Γ
(
τ+4k+2
2
)]
=
∞∑
k=0
2
∫∞
0
dt tτ+4k+1e−t
2−σ(1−|η|)t4
Γ
(
τ+4k+2
2
) |fk||η|k . (26)
The coefficients in front of |fk| in (26) at large k behave as
21/2−2βσ−βη k
−k
(e|η|
4ση
)k
, (27)
where β = (τ + 2)/4 and ση = σ(1− |η|). Consequently, the bound (26) is convergent, when
|η| < η∗ = 4σ|a|+4σ , independently on the value of τ . When τ = V , the series (24) converges
for η ≤ 1 due to the estimate (10). The bound (26) has finite radius of the convergence in
terms of η for any τ > −2, including, for instance τ = 0. In Fig. 1 we show the area of
the parameters τ and η for which the convergence of the series (24) is guaranteed by (26)
and (10).
η
(η = 1, τ = V)
η = η 
*
η = -η 
*
τ
FIG. 1. The convergence of the series (24) in the band from −η∗ to η∗ is provided by the bound (26).
The convergence at τ = V and η ≤ 1 follows from the estimate (10).
The convergence of the series (24) is better than the convergence of (26), because of the
cancellations in the internal sums over k in (24). Therefore, it might be, that the series (24)
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is convergent for τ > −2 and η = 1. To support such possibility, let us consider an example
of the series with an asymptotic of the type (25)
hk = (−1)k
Γ
(
τ+4k+2
2
)
2Γ(k + 1)
uk , u > 0 . (28)
At η = 1 the substitution of these coefficients into the expansion (26) produces a divergent
series. In opposite, the expansion (24) in this case can be bounded by∫ ∞
0
dt tτ+1e−t
2−σt4+|σ−u|t4 <∞ . (29)
Therefore, the series (28), re-summed in accordance to (24), is convergent.
B. γ-Regularization
The η-regularization enforce an additional decay of the lattice Boltzmann weight for
the large fluctuations of the fields φn. This results in the dumping of the coefficients of
the standard perturbation theory and in the consequent convergence of the series (24) for
|η| < η∗. However, the additional decay is not sufficiently sharp to provide convergence
for η∗ ≤ η < 1, which is desired, since η = 1 corresponds to the original theory. Here
we introduce alternative regularization, giving sharper vanishing of the large fluctuations of
fields. We consider the regularized lattice φ4-model, defined by the action
Sγ[φ] = S[φ] + γ‖φ‖6 . (30)
When γ = 0 the action Sγ coincides with the action of the φ
4-model (1). For the model
defined by (30) one can construct two related expansions. As always, we demonstrate them
on the example of the propagator. The first one is similar to the standard perturbation
theory and is obtained by expanding the interaction part of the original φ4-model into the
Taylor series
〈φiφj〉γ =
∑
k
∫
[dφ]φiφje
−‖φ‖2−γ‖φ‖6
(− λ
4!
∑
n φ
4
n
)k
k!
. (31)
Rewriting (31) in terms of Gaussian integrals analogously to Section II and introducing the
dependence on τ , we get
〈φiφj〉γ =
∞∑
k=0
2
∫∞
0
dt tτ+4k+1e−t
2−γt6
Γ
(
τ+4k+2
2
) fk . (32)
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The second expansion is the variational series similar to (24). To derive it, we split the
action as
Sγ[φ] = (N [φ] + γ‖φ‖6) + (S[φ]−N [φ]) , (33)
where (N [φ] + γ‖φ‖6) is treated as the initial approximation. Then, analogous to previous
derivations, we have
〈φiφj〉γ =
∞∑
l=0
Jγ(τ, l)
[
l∑
k=0
Ckl σ
l−k 2 k! fk
Γ
(
τ+4k+2
2
)] , (34)
where
Jγ(τ, l) =
1
l!
∫ ∞
0
dt e−t
2−σt4−γt6tτ+4l−1 . (35)
The series (32) can be obtained from the series (34) by changing the order of summations.
Consequently, if both of these series converge absolutely, they converge to the same sum.
The series (32) and (34) can be bounded by
|〈φiφj〉γ| ≤
∞∑
l=0
∣∣Jγ(τ, l)∣∣[ l∑
k=0
Ckl σ
l−k 2 k! |fk|
Γ
(
τ+4k+2
2
)]
=
∞∑
k=0
2
∫∞
0
dt tτ+4k+1e−t
2−γt6
Γ
(
τ+4k+2
2
) |fk| . (36)
At large k the coefficients in front |fk| in the leading order are determined by
3(2
√
3)−1−4β/3γ−2β/3k−4β/3(12e2γ)−2k/3k−4k/3 (37)
with β = (τ + 2)/4. The bound (36) converges for any τ > −2, when γ > 0. In Fig. 2 we
present the area of parameters γ and τ for which the series (32) and (34) are convergent.
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τγ
(γ = 0, τ = V)
FIG. 2. In the marked area the convergence of both series (32) and (34) is obtained due to the
non-zero γ. At γ = 0 and τ = V , as it follows from the estimate (10), only the series (34) is
convergent.
Similar to the η-regularization case the convergence of (34) is better than of the series
(32) and bound (36).
C. Non-perturbative independence on τ and continuity of the γ-regularization
Here we show, that for any τ > −2, there are such γ∗ ∈ R+ and K∗ ∈ N, that for
each 0 < γ < γ∗, it is possible to construct convergent series (32), which approximates the
propagator of the lattice φ4-model with an arbitrary precision δ > 0:
∣∣∣ K∗∑
k=0
2
∫∞
0
dt tτ+4k+1e−t
2−γt6
Γ
(
τ+4k+2
2
) fk − 〈φiφj〉∣∣∣ < δ . (38)
The proof of (38) contains the demonstration of the fact, that in the limit γ → 0 the
sum of the series (32) is independent on τ non-perturbatively, i.e., including all possible
non-analytical contributions.
Since for γ > 0 the series (32) is absolutely convergent one can interchange in it the
summation and integration (the SPT-coefficients fk are integrals), this gives
〈φiφj〉γ =
∫
[dφ]φiφje
−‖φ‖2
∞∑
k=0
hk(φn, γ, τ) , (39)
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where
hk(φn, γ, τ) =
(− λ
4!
∑
n φ
4
n
)k
k!
2
∫∞
0
dt tτ+4k+1e−t
2−γt6
Γ
(
τ+4k+2
2
) . (40)
The series
∑∞
k=0 hk(φn, γ, τ) converges faster than the series for the exponent and, con-
sequently, is uniformly convergent for each compact subset of the region of parameters
A¯ = {φn ∈ R, γ ≥ 0, τ > −2}. In region A¯ the functions hk(φn, γ, τ) are continuous in all
parameters, therefore the sum of them is also continuous. At γ = 0 each function hk(φn, γ, τ)
is independent on τ and the propagator (39) coincides with 〈φiφj〉, defined by (3). Hence,
(39) is finite at γ = 0. The finiteness of (39) for γ > 0, τ > −2 follows from the convergence
of the series (32). Then, because
∑∞
k=0 hk(φn, γ, τ) is continuous in A¯ and (39) is finite for
γ ≥ 0, τ > −2, it follows, that for any δ˜ > 0 there is such γ˜, that for each 0 < γ < γ˜∣∣∣〈φiφj〉γ − 〈φiφj〉∣∣∣ < δ˜ . (41)
From the latter inequality and from the convergence of the series (39) we obtain (38).
As it was discussed above the series (32) and (34) converge to the same quantities,
therefore, all stated here is valid also for (34).
D. Evaluation of the connected Green’s functions
In previous parts of the paper we predominantly discussed constructions of the convergent
series for the full Green’s functions on the example of the propagator. The generating
functional of the full functions is the partition function Z[A], which is a functional of the
external field A. However, the thermodynamical quantities are naturally expressed in terms
of the connected Green’s functions, given by derivatives of the log(Z[A]) with respect to the
external field A. Within the framework of the standard perturbation theory it is shown, that
connected functions are obtained from the full functions by throwing away all disconnected
diagrams of the perturbative expansion, see, for instance, [32]. As it is known from the
theory of the combinatorial species [33] this relation is much more general. If the weights
of a generating function for a combinatorial weighted species factorize among the connected
components of the species, then the logarithm of that function is given by the sum over the
connected associated species. In the convergent series (32) as in the standard perturbation
theory the disconnected diagrams are the products of the connected ones, consequently, for
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the computation of the connected functions using the convergent series one has to substitute
the contributions fk of all diagrams in each order of SPT by the contributions only from
connected diagrams f˜k. The resulting series is convergent, since the asymptotic of the high
orders of the standard perturbation theory has similar form (25) for both full and connected
Green’s functions.
Let us change fk by f˜k in (34). Analogously to the relation between (32) and (34),
the interchange of the summations in the series (34) with f˜k gives the series (32) with fk,
changed by f˜k. Therefore, the series (34) with f˜k instead of fk is also convergent.
V. COMPUTATIONS AND NUMERICAL RESULTS
Here we present the results of the 〈φ2n〉 operator computations within the convergent
and variational series and compare them with the Borel re-summation and Monte Carlo
simulations. We show the numerical dependences on the variational and regularization
parameters τ and γ. The propagator between all lattice cites 〈φiφj〉 is computed, but
we present only the part of the resulting data representing 〈φ2n〉, for greater clarity. All
calculations are performed at unit mass M = 1 and for the coupling constants λ in the
region [0, 10].
The computations within the convergent/variational series methods contain two main
steps. The first one is the evaluation of the coefficients of the standard perturbation theory
for the propagator 〈φiφj〉. For this the connected diagrams of the φ4-theory are generated
using the system ’GRACE’ [34]. The free propagator in diagrams is obtained by the numer-
ical inversion of the Kmn matrix (2). The best current results within the -expansion in the
continuum φ4-theory are obtained in the 6-loops approximation [35]. We also compute 6
orders of the lattice SPT, since it is reasonable to test the efficiency of the convergent series
within the same order of the perturbation theory. The second step of the calculations using
the CS/VS methods is the re-summation of the perturbative results in accordance to the
formulas (8), (19), (24), (34).
To perform the Borel re-summation procedure, we use the conformal mapping for the
analytical continuation in the Borel plane. The conformal mapping can be done if the
parameter a from the asymptotic of the high orders of the perturbation theory (25) is known.
We estimate a using the values presented in [36] for the continuous one and two-dimensional
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φ4-model
d = 1 , a = 1/8, (42)
d = 2 , a = 1/35.102 . . . . (43)
The results obtained on the lattice with V = 4 sites are the following. In Figs. 3 and 5 we
present the operator 〈φ2n〉 computed with CS and other methods depending on the number
of known orders of the perturbation theory (from 0 to 6 loops) at coupling constants λ = 0.1
and λ = 10 respectively. At small value of the coupling constant λ = 0.1 one observes an
agreement between all methods including the standard perturbation theory. When λ = 10,
the result is qualitatively different. The convergent series is out of the Monte Carlo error
bars, but the Borel re-summation method is in the agreement with the Monte Carlo data.
The values of the standard perturbation theory series are omitted because of the strong
divergence.
In Figs. 4 and 6 we show the results obtained with the variational series and other
methods at coupling constants λ = 0.1 and λ = 10 respectively. The variational series
exhibits remarkable agreement with the Monte Carlo data and converges even faster than
the Borel re-summation.
In Figs. 7 and 8 we demonstrate the dependence of 〈φ2n〉 on the coupling constant λ for
different methods with V = 4. The computations carried according to VS agree with the
Monte Carlo results with the precision of the one standard deviation.
The results obtained on the one-dimensional lattice with V = 64 are qualitatively sim-
ilar. In Fig. 9 we show the computations performed with the convergent series method
in comparison with other methods. Even at small coupling constants the convergent series
does not agree with the Monte Carlo. The Borel re-summation is in agreement with the
Monte Carlo data in the whole region λ ∈ [0, 10]. However, the results obtained within VS
are significantly different from the results of the simple convergent series. Corresponding
computations are presented in Fig. 10. The variational series matches the Monte Carlo data
with the precision of the one standard deviation again!
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FIG. 3. Dependence of 〈φ2n〉 on the order of the
perturbation theory for the lattice volume V = 4
at λ = 0.1.
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FIG. 4. Dependence of 〈φ2n〉 on the order of the
perturbation theory for the lattice volume V = 4,
τ = 0 at λ = 0.1.
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FIG. 5. Dependence of 〈φ2n〉 on the order of the
perturbation theory for the lattice volume V = 4
at λ = 10.
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FIG. 6. Dependence of 〈φ2n〉 on the order of the
perturbation theory for the lattice volume V = 4,
τ = 0 at λ = 10.
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FIG. 7. Dependence of the operator 〈φ2n〉 on cou-
pling constant for the lattice volume V = 4.
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FIG. 8. Dependence of the operator 〈φ2n〉 on
coupling constant for the lattice volume V = 4,
τ = 0.
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FIG. 9. Dependence of the operator 〈φ2n〉 on cou-
pling constant for the lattice volume V = 64.
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FIG. 10. Dependence of the operator 〈φ2n〉 on
coupling constant for the lattice volume V = 64,
τ = 0.
In Fig. 11 we present the dependence of 〈φ2n〉 on λ for the two-dimensional lattice with
V = 8× 8, calculated with the VS method, τ = 0. The VS method gives the results which
are close to the Monte Carlo simulations. The strong deviation of the Borel re-summation
can be caused by the not precise estimate of the parameter a in the asymptotic of the high
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orders of the perturbation theory (43).
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FIG. 11. Dependence of the operator 〈φ2n〉 on coupling constant in the two-dimensional case
V = 8× 8, τ = 0.
In Section IV C we have proved the continuity of the series (34) with respect to the
parameter γ ≥ 0, in Fig. 12 we demonstrate it for λ = 1.
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FIG. 12. Dependence of the operator 〈φ2n〉, computed by the variational series, on the regularization
parameter γ, λ = 1, V = 64, τ = 0.
In the limit γ → 0 the dependence on τ of the sum (34) has to disappear. In the real
calculations one always has only a finite amount of terms of (34). In Figs. 13 and 14
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we present the dependence on τ of the 6-th order approximation of the variational series
(24) for the coupling constants λ = 1 and λ = 5 respectively. The optimal values of the
parameter τ , giving the matching with the Monte Carlo mean value, are τλ=1 ' −0.1,
τλ=5 ' {−1.62;−0.38}. Without comparison with the Monte Carlo simulations one can
apply the principle of the smallest contribution of the last term of the series, it gives uniform
optimal τλ ' −0.086. In the main part of our computations we use τ = 0, what corresponds
in the continuum limit to the utilization of the dimensional regularization [37].
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FIG. 13. Dependence of the operator 〈φ2n〉 on
the variational parameter τ , λ = 1 for the lattice
volume V = 64.
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FIG. 14. Dependence of the operator 〈φ2n〉 on
the variational parameter τ , λ = 5 for the lattice
volume V = 64.
VI. CONCLUSIONS
We have presented the construction of the convergent series for the lattice models with the
even degree polynomial interaction and investigated it in details on the example of the lattice
φ4-model. We have proved, that CS is a re-summation method. The latter fact supports
the resurgence idea, that the non-perturbative physics can be expressed via the coefficients
of the standard perturbation theory. The initial approximation of the convergent series is a
non-Gaussian interacting non-local model, hence, CS automatically takes into account such
non-analytical contributions as e−
1
λ .
We have observed an internal symmetry of the CS method and, using it, developed the
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variational series. The numerical values of the operator 〈φ2n〉 calculated using the CS and
VS methods with 6 orders of the standard perturbation theory were compared with the
Borel re-summation and Monte Carlo method. The comparison revealed, that for the small
lattices and for the small coupling constants the convergent series exhibits the agreement
with the Monte Carlo and Borel re-summation, but deviates from them for larger lattice
volumes and/or for larger coupling constants. The variational series method, applied to the
one- and two-dimensional cases, agrees with other methods for the wide range of the lattice
volumes and coupling constants and converges even faster to the Monte Carlo results than
the Borel re-summation.
To study the convergence and correctness of the variational series from the analytical
point of view, we have considered two regularizations of the lattice φ4-model. In both
cases we have constructed for the variational series the upper bounds with finite radii of
convergence in terms of the regularization parameters. For the γ-regularization the border
of the convergence region approaches γ = 0, which corresponds to the non-regularized model.
We also have shown, that original model can be approximated by the the γ-regularization
with any arbitrary precision and it is always possible to construct two related convergent
expansions for this regularization. One of them is precisely the variational series, derived for
the regularized model. The convergence properties of VS, depending on the regularization
parameters are summarized in Figs. 1 and 2. Using this information and the fact, that
the convergence of the series (34) and (24) should be better, than the convergence of their
bounds, we conjecture, that the series (24) is convergent for any τ > −2.
The convergence of (24) independently on the values of τ and the independence on τ of
its sum at γ → 0 allows to consider any finite τ > −2 even for very large (infinite) volumes
V . The diagrams of the standard perturbation theory can be easily computed at infinite
volume. This provides a way for taking the infinite volume limit within the CS/VS methods.
The VS computations at τ = 0 work equally well for the lattice volumes more than 10 times
different, see Fig. 8 and 10, it gives a numerical evidence of the possibility to perform the
infinite volume limit.
It is important to note, that the applicability of the convergent/variational series is not
based on any criteria of the kind of the Borel summability of the original perturbation theory.
The presented construction can be generalized to the fermionic lattice models by employing
bosonization. For instance, an application of the method [9–13] to the bosonized fermionic
21
model, a model of lattice QED, was proposed in [38]. The problem of the bosonizations of
the complex actions has been recently solved in [39]. Therefore, the convergent series, which
is based only on the perturbative computations, can provide a way for the bypassing the
sign problem in bosonic and fermionic models.
Acknowledgements We acknowledge Vladimir V. Belokurov, Eugeny T. Shavgulidze,
Vincent Rivasseau, Vladimir Yu. Lotoreychik for the discussions and Nikolay M. Gulitskiy
for reading the manuscript. The work of A.S. Ivanov was supported by the Russian Science
Foundation grant 14-22-00161. V.K. Sazonov acknowledges the Austrian Science Fund FWF,
Grant. Nr. I 1452-N27.
[1] Philippe de Forcrand. Simulating QCD at finite density. PoS, LAT2009:010, 2009.
[2] F. J. Dyson. Divergence of perturbation theory in quantum electrodynamics. Phys. Rev.,
85:631–632, Feb 1952.
[3] Lipatov L. N. Sov. Phys. JETP, 45:216, 1977.
[4] S. Laporta and E. Remiddi. The analytical value of the electron (g − 2) at order α3 in QED.
Physics Letters B, 379(1-4):283 – 291, 1996.
[5] Tatsumi Aoyama, Masashi Hayakawa, Toichiro Kinoshita, and Makiko Nio. Tenth-order QED
contribution to the electron g−2 and an improved value of the fine structure constant. Phys.
Rev. Lett., 109:111807, Sep 2012.
[6] Eugene B. Kolomeisky. Optimal number of terms in QED series and its consequence in
condensed-matter implementations of QED. Phys. Rev. A, 92:012113, Jul 2015.
[7] B. Kessler, L. Li, and Y. Meurice. New optimization methods for converging perturbative
series with a field cutoff. Phys. Rev. D, 69:045014, Feb 2004.
[8] L. Li and Y. Meurice. A tractable example of perturbation theory with a field cutoff: the
anharmonic oscillator. J.Phys. A, 38:8139–8154, 2005.
[9] V.V. Belokurov, Yu.P. Solov’ev, and E.T. Shavgulidze. Method of approximate evaluation of
path integrals using perturbation theory with convergent series. I. Theoretical and Mathemat-
ical Physics, 109(1):1287–1293, 1996.
[10] V.V. Belokurov, Yu.P. Solov’ev, and E.T. Shavgulidze. Method for approximate evaluation of
path integrals using perturbation theory with convergent series. II. euclidean quantum field
22
theory. Theoretical and Mathematical Physics, 109(1):1294–1301, 1996.
[11] V.V. Belokurov, Yu.P. Solov’ev, and E.T. Shavgulidze. Perturbation theory with convergent
series for functional integrals with respect to the feynman measure. Russian Mathematical
Surveys, 52(2):392, 1997.
[12] V.V. Belokurov, Yu.P. Solov’ev, and E.T. Shavgulidze. Vychislenie funkcional’nich integralov
s pomoshyu shodyashehsya ryadov. Fundament. i prikl. matem., pages 693–713, 1997.
[13] V.V. Belokurov, Yu.P. Solov’ev, and E.T. Shavgulidze. Obshiy podhod k vychisleniyu
funkcional’nich integralov i summirovaniyu rashodyashehsya ryadov. Fundament. i prikl.
matem., pages 363–383, 1999.
[14] D. C. Brydges and T. Kennedy. Mayer expansions and the hamilton-jacobi equation. Journal
of Statistical Physics, 48(1):19–49.
[15] A. Abdesselam and V. Rivasseau. Trees, forests and jungles: A Botanical garden for cluster
expansions. 1994. [Lect. Notes Phys.446,7(1995)].
[16] J. Magnen and V. Rivasseau. Constructive phi**4 field theory without tears. Annales Henri
Poincare, 9:403–424, 2008.
[17] V. Rivasseau. Constructive Field Theory in Zero Dimension. Adv. Math. Phys., 2010:180159,
2010.
[18] Vincent Rivasseau and Zhituo Wang. Loop Vertex Expansion for Phi**2K Theory in Zero
Dimension. J. Math. Phys., 51:092304, 2010.
[19] Vincent Rivasseau and Zhituo Wang. How to Resum Feynman Graphs. Annales Henri
Poincare, 15(11):2069–2083, 2014.
[20] Vincent Rivasseau and Zhituo Wang. Corrected loop vertex expansion for Φ42 theory. J. Math.
Phys., 56(6):062301, 2015.
[21] A. G. Ushveridze. Converging perturbational scheme for the field theory. (In Russian). Yad.
Fiz., 38:798–809, 1983.
[22] B.S. Shaverdyan and A.G. Ushveridze. Convergent perturbation theory for the scalar φ2p field
theories; the gell-mann-low function. Physics Letters B, 123(5):316 – 318, 1983.
[23] A.G. Ushveridze. Superconvergent perturbation theory for euclidean scalar field theories.
Physics Letters B, 142(5-6):403 – 406, 1984.
[24] R. P. Feynman and H. Kleinert. Effective classical partition functions. Phys. Rev. A, 34:5080–
5084, Dec 1986.
23
[25] A. V. Turbiner and A. G. Ushveridze. Anharmonic oscillator: Constructing the strong coupling
expansions. Journal of Mathematical Physics, 29(9), 1988.
[26] Juha Honkonen and Mikhail Nalimov. Convergent expansion for critical exponents in the
o(n)-symmetric ϕ4 model for large ε. Physics Letters B, 459(4):582 – 588, 1999.
[27] V.V. Belokurov, A.S. Ivanov, V.K. Sazonov, and E.T. Shavgulidze. Convergent perturbation
theory for the lattice φ4-model. PoS Lattice2015, arXiv:1511.05959, 2015.
[28] The r.h.s. of the identity (17) is obtained from the left one by the transformations analogous
to (13, 14).
[29] Daniele Dorigoni. An introduction to resurgence, trans-series and alien calculus.
arXiv:1411.3585, 2014.
[30] Thomas Spencer. The lipatov argument. Communications in Mathematical Physics,
74(3):273–280.
[31] C. Itzykson, G. Parisi, and J. B. Zuber. Asymptotic estimates in scalar electrodynamics.
Phys. Rev. Lett., 38:306–310, Feb 1977.
[32] A N Vasil’ev. The field theoretic renormalization group in critical behavior theory and stochas-
tic dynamics. Chapman and Hall, St. Petersburg, 1998.
[33] P. Leroux, F. Bergeron, and G. Labelle. Combinatorial Species and Tree-like Structures,
volume 67 of Encyclopedia of Mathematics and its Applications. Cambridge University Press,
Cambridge, 1998.
[34] F. Yuasa et al. Automatic computation of cross-sections in HEP: Status of GRACE system.
Prog. Theor. Phys. Suppl., 138:18–23, 2000.
[35] D.V. Batkovich, K.G. Chetyrkin, and M.V. Kompaniets. Six loop analytical calculation of the
field anomalous dimension and the critical exponent η in o(n)-symmetric ϕ4 model. Nuclear
Physics B, 906:147 – 167, 2016.
[36] Jean Zinn-Justin and Ulrich D. Jentschura. Order-dependent mappings: strong coupling be-
haviour from weak coupling expansions in non-Hermitian theories. J. Math. Phys., 51:072106,
2010.
[37] George Leibbrandt. Introduction to the technique of dimensional regularization. Rev. Mod.
Phys., 47:849–876, Oct 1975.
[38] V. K. Sazonov. Convergent perturbation theory for lattice models with fermions.
arXiv:1405.7542, to appear in International Journal of Modern Physics A.
24
[39] V. K. Sazonov. Non-hermitian bosonization. arXiv:1411.5046, November 2014.
25
